QUASISYMMETRIC FUNCTIONS AND 
KAZHDAN-LUSZTIG POLYNOMIALS 



LOUIS J. BILLERA AND FRANCESCO BRENTI 

Abstract. We associate a quasisymmetric function to any Bruhat in- 
terval in a general Coxeter group. This association can be seen to be a 
morphism of Hopf algebras to the subalgebra of all peak functions, lead- 
ing to an extension of the cd-index of convex polytopes. We show how 
the Kazhdan-Lusztig polynomial of the Bruhat interval can be expressed 
in terms of this complete cd-index and otherwise explicit combinatori- 
ally defined polynomials. In particular, we obtain the simplest closed 
formula for the Kazhdan-Lusztig polynomials that holds in complete 
generality. 
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1. Introduction 

The Kazhdan-Lusztig polynomials of a Coxeter group are of fundamen- 
tal importance in representation theory and in the geometry and topology 
of Schubert varieties. Defined by means of two separate recursions, they 
have proved difficult to unravel in any straightforward manner. Here, we 
reduce their computation to the computation of another invariant of Cox- 
eter groups. This new invariant, a quasisymmetric function that can be 
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encoded into a noncommutative polynomial in two variables that we call 
the complete cd-index, has interesting algebraic and combinatorial proper- 
ties. We express the Kazhdan-Lusztig polynomial of any Bruhat interval in 
terms of its complete cd-index and otherwise explicit combinatorially de- 
fined polynomials. In particular, we obtain the simplest closed formula for 
the Kazhdan-Lusztig polynomials that holds in complete generality. 

The complete cd-index is defined by means of a quasisysymmetric func- 
tion F{u, v) associated to every Bruhat interval [ti, v\ in a Coxeter group 
W . The association [u, v] ^ F{u, v) can be viewed as a morphism of Hopf 
algebras, suggesting the possibility of a filtered version of the theory of com- 
binatorial Hopf algebras IJ] , which predicts the existence of graded maps to 
the quasisymmetric functions in general combinatorial settings. 

The theory of Kazhdan-Lusztig polynomials of Weyl groups is analogous 
to that of the ^f-polynomials of rational convex polytopes in that they both 
compute the local intersection cohomology of certain varieties (Schubert and 
toric, respectively) associated to these objects |28j, |3lj. Also, the recursions 
that define them in a general Coxeter group (respectively, Eulerian partially 
ordered set) have the same form. The (^-polynomial of an Eulerian partially 
ordered set is known to depend only on the number of chains of certain 
types. These flag numbers are most succintly represented by the cd-index. 
On the other hand, for the Kazhdan-Lusztig polynomials it is not even 
clear that there can be a completely combinatorial description (see, e.g., [3 
§5.6]), so there is no straightforward way to generalize this combinatorial 
description of the (^-polynomials to the Kazhdan-Lusztig polynomials. Yet, 
the quasisymmetric functions F{u, v) do seem to capture much of the spirit 
of the combinatorial setting of the ^-polynomials, without themselves being 
obviously combinatorial. 

In the remainder of this section we give the necessary background in 
Coxeter groups and Kazhdan-Lusztig polynomials and in the use of qua- 
sisymmetric functions in poset enumeration. In Section [2] we introduce 
the i2-quasisymmetric function of a Bruhat interval, define from this the 
complete cd-index of the interval and give some of its algebraic properties. 
Section [3] gives an expression for the Kazhdan-Lusztig polynomials in terms 
of the complete cd-index and certain lattice path enumerators. Using this 
expression, we give in Section U] the representation of the Kazhdan-Lusztig 
polynomials in terms of an explicit polynomial basis defined by means of 
the ballot polynomials. The coefficients of this representation are given as 
linear forms in the complete cd-index. We show by an example that no such 
representation exists in terms of the ordinary cd-index alone; that is, the 
Kazhdan-Lusztig polynomials of a Bruhat interval can not be calculated, in 
general, from the flag /-vector of the underlying Eulerian poset. In Section 
[5] we give a formula for computing the complete cd-index of any Bruhat in- 
terval in terms of explicit combinatorial quantities associated to the Bruhat 
interval. Finally, in Section [6] we conjecture nonnegativity of the complete 
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cd-index and show that one consequence of this conjecture holds in the case 
of finite Coxeter and affine Weyl groups. 

1.1. Coxeter groups and Kazhdan-Lusztig polynomials. We follow 
|25j for general Coxeter groups notation and terminology. In particular, 
given a Coxeter system {W, S) and u € W we denote by l{u) the length 
of u in W, with respect to S. We denote by e the identity of W, and we 

let T = {usu~^ : u £ W, s £ S} he the set of reflections of W. We will 
always assume that W is partially ordered by Bruhat order. Recall (see, 
e.g., [251 §5.9]) that this means that x < y \i and only if there exist r E N 
and ti, . . . ,tr £ T such that tr ■ ■ ■ ti x = y and l{ti • • - tix) > Z(tj_i • • • tix) 

for z = 1, . . . , r. Given u,v € W we let [u, v] '= {x £ W : u < x < v}. We 
consider [u, v] as a poset with the partial ordering induced by W. It is well 
known (see, e.g., Corollary 2.7.11) that intervals of W (and their duals) 
are Eulerian posets. 

Let ^ C T and W' he the subgroup of W generated by A. Following 
[251 §8.2], we call W' a reflection subgroup of W. It is then known (see, 

e.g., [25], Theorem 8.2) that {W, S') is again a Coxeter system where S' '= 

{t eT : N{t) nW = {t}}, and N{w) =^ {t e T : l{wt) < l{w)}. We 
say that W is a dihedral reflection subgroup if \S'\ = 2 (i.e., if {W',S') is a 
dihedral Coxeter system). Following [20j we say that a total ordering <t of 
T is a reflection ordering if, for any dihedral reflection subgroup W of W , 
we have that either a <t aba <t ababa <t ■ ■ ■ <t babab <t bab <t b or 
b <T bab <T babab <t ■ ■ ■ <t ababa <t aba <t a where {a, b} '= S'. The 
existence of reflection orderings (and many of their properties) is proved in 
[20l §2] (see also [Tj §5.2]). Throughout this work we will always assume 
that we have fixed (once and for all) a reflection ordering <t of T. 

We denote by Ti.{W) the Hecke algebra associated to W. Recall (see, 
e.g., [251 Chap. 7]) that this is the free Z[q, q~^]-module having the set 
{Tw : w € W} as a basis and multiplication such that 



(1.1) T^Ts 



T^s, if l{ws) > l{w) 

qTws + {q - 'i-)Tw, l{ws) < l{w) 



for all Ti; G ly and s £ S. It is well known that this is an associative algebra 
having Te as unity and that each basis element is invertible in Ti.(W). More 
precisely, we have the following result (see [25^ Proposition 7.4]). 

Proposition 1.1. Let v W. Then 

(r,-i)-i = g-'(-) ^(-i)'('")-'(«)i?„,,(g)r,, 

u<.v 

where Ru,v{q) £ ^fe]- 

The polynomials Ru,v{q) defined by the previous proposition are called 
the R-polynomials of W . It is easy to see that Ru,v{q) is a monic polynomial 
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of degree l{u, v) '= l{v) — l{u), and that Ru,u{<l) = !> for all u,v £ W, u < v. 

It is customary to let Ru,viQ) *== if u ^ w. We then have the following 
fundamental result that follows from (|l.ip and Proposition 11.11 (see [251 
§7.5]). 

Theorem 1.2. Let u,v gW and s & S be such that l{vs) < l{v). Then 



Ru,v{q) 



Rus,vsiq), ifl{us) < l{u), 

QRus,vs (q) + (q - '^^)Ru,vsiq), if l{us) > l{u). 



Note that the preceding theorem can be used to inductively compute the 
i?-polynomials. Theorem 11.21 has also the following simple but important 
consequence (see, for example, [H Proposition 5.3.1]). 

Proposition 1.3. Let u,v € W . Then there exists a (necessarily unique) 
polynomial Ru,v{q) £ ^[q] such that 



Combinatorial interpretations of the coefficients of Ru,v{q) have been 
given by V. Deodhar [18j and by M. Dyer [20] (see [Tj Theorem 5.3.7] and 
[a Theorem 5.3.4]). 

The /^-polynomials can be used to define the Kazhdan-Lusztig polynomi- 
als. The following result is not hard to prove (and, in fact, holds in much 
greater generality, see [32l Corollary 6.7] and [32l Example 6.9]) and a proof 
can be found, e.g., in [25", §7.9-11] or [271, §2.2]. 

Theorem 1.4. There is a unique family of polynomials {Pu,v{q)}u,v&w ^ 
1i[q], such that, for all u,v G W , 

1. Pu,v{q) =Oifu^v; 

2. PuAi) = 1; 

3. deg{Pu,v{q)) < \ {Hv) - l{u)), if u < v; 
4. 

u<z<v 

if u<v. 

The polynomials Pu^v{q) defined by the preceding theorem are called the 
Kazhdan-Lusztig polynomials of W. 

1.2. Paths in Bruhat graphs. Recall that a composition of a positive 
integer n is a finite sequence of positive integers a = qi • • • such that 
CKj = n. In this case we write a \= n and we define l{a) = k, \a\ = n, 
and a* = Ok ■ ■ ■ ai. (There should be no confusion with our using the same 
notation /(•) for the lengths of compositions and elements ofW.) Given two 
compositions ai • • • a^, /9i ■ ■ ■ A of n we say that ai - ■ ■ Ug refines f3i - ■ ■ Pt if 
there exist 1 < ii < i2 < • • • < it-i < s such that Yl]''=i^. (^j = Pk for 
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k = 1, . . . ,t (where iq *== 0, it *== s). We then write ai ■ ■ ■ ag ^ Pi ■ ■ ■ Pt- We 
denote by C the set of all finite sequences of positive integers {i.e., the set 
of all compositions). 

Recall (see |25J, §8.6, or [19]) that the Bruhat graph of a Coxeter system 
{W,S) is the directed graph B{W,S) obtained by taking W as vertex set 
and putting a directed edge from x to y if and only if yx^^ S T and l{x) < 
l{y). We call the directed paths of B(W,S) Bruhat paths. These should be 
distinguished from chains in the Bruhat order. The vertex set of a Bruhat 
path is always a chain, but not all chains form Bruhat paths. 

Given a Bruhat path A = (ao, ai, . . . , a^) from ag to Or, we define its 

length to be /(A) =^ r, its descent set, with respect to <t, to be 

D{A) =^ {ie[r-l]: ai(a,_i)"^ >t ai+i(a,)"^} , 

and its descent composition to be the unique composition 'D{A) of r corre- 
sponding to D{A) under the usual bijection between compositions and sets 
P1P2 • • • Pk ^ {Pi, Pi + P2, . . . , Pi + • ■ ■ + Pk-i}- We will denote the inverse 
of this bijection by co(-). Given u,v G W, and /c € N, we denote by Bk{u, v) 
the set of all directed paths in B{W, S) from ti to v of length k, and we let 

B{u,v) *== [jj^-^Q Bk{u,v). For u,v G W, and a G C, we let, following [TT] . 

(1.2) c„(n,z;) = \{A € B|„i(n,z;) : V{A) t a}\, 
and 

(1.3) b^{u,v) = [{A G B|„i(n,t-) : V{A) = a}\. 
Note that these definitions imply that 

(1.4) Caiu,v)= ^ b/3{u,v) 

{/3^n:/3b"} 

for all u,v & W and a |= n (n G P). 

The following result follows from [11^ Proposition 4.4]. Given a polyno- 
mial P{q), and i £ Z, we denote by [?*](-?) the coefficient of in P{q). 

Proposition 1.5. Let u,v (z W, u <v, and a (z C. Then 

r 

{uo,...,Ur)eCriu,v) j = l 

where Cr{u,v) denotes the set of all chains of length r (totally ordered subsets 

of cardinality r + 1) from u to v, and r *== l[a). 

Proposition II. 51 shows, in particular, that Ca{u,v) (and hence ba{u,v)) are 
independent of the total reflection ordering used to define them. 
For J G Q we define an operator Dj : M[g] ^[q] by letting 

LiJ 



i=0 
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For a € C we define, following [L2\, a polynomial ^'a('z) S inductively 
as follows, 



if l{a) > 2, and 



def / -,x|q,| 



"faiq) = (q-l) 

if l{a) = 1. Here = 02 • • • Ok when a = ai - ■ ■ ak- For n G P and /3 |= n 
we then let 

{a\=n: a^f3} 

We then have the following result, whose proof can be found in [TJ Theorem 
5.5.7]. 

Theorem 1.6. Let u,v €z W , u < v. Then 

/3ec 

Let {Wi,Si) and iW2-,S2) be two Coxeter systems. It is clear that the 
direct product W = Wi x W2 is again a Coxeter group with respect to the 
generating set S = Si \J S2 (disjoint union), having Dynkin diagram the 
disjoint union of the diagrams of {Wi, Si) and (1^2 5 5*2)- It then follows im- 
mediately from the subword property of Bruhat order (see, e.g., [7], Theorem 
2.2.2]) that W, as a poset under Bruhat order, is isomorphic to the direct 
product of Wi and W2 as posets under Bruhat order. Thus (ui, U2) < (^i; ^2) 
in W if and only if ui < vi in Wi and U2 < V2 in W2. Thus Theorems 11.21 
and 11.41 implv the following multiplicative formulas. We include a proof for 
lack of an adequate reference. 

Proposition 1.7. Let ui,vi G Wi and U2,V2 € W2. Then 
(1-5) P'{ui,u2),{vi,v2) ~ Pu\,v\ ' Ru2,v2J and 

(1-6) P{ui,U2),{vi,V2) ~ Pui,Vi ' Pu2,V2- 

Proof. First note that by the comments preceding this proposition, p.5p 
and (II. 6p hold if (tii,M2) ^ {vi-,V2), so assume that {ui,U2) < {vi,V2). We 
first prove p.5|) by induction on /(t;2).If f 2 = e then U2 = e and (|1.5p follows 
from Theorem 1 1 . 2 1 and the fact that -D((n, e)) = {(s,e) : s G L){u)} for all 
u G Wi. (Note that W((«i, ""2), (^^i, ""2)) = (^^i, ""i) + (^^2, i'2)-) If 
1^2 > e and s G D{v2), then (e,s) G £'((^1,^2)) and therefore, by Theorem 
11.21 and our induction hypothesis, 

P{ui,U2),{vi,V2) Q P{ui,U2s),{vi,V2s) ~l~ (9 ^) P{ui,U2),{vi,V2S) 

Rui.Vl i.Q Pu2S,V2S ~l~ (9 ^) Pu2,V2s) 

— Pui,Vi ' Pu2,V2 
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if s ^ D{u2) (so (e, s) ^ D{{ui,U2))), while 

^{■ui,n2),(fi,t>2) '^{ui,U2s),{vi,V2s) Ru\,v\ Ru2S,V2S 

P'U\,Vl-P'U2,V2 

if s € D{u2), as desired. 

We conclude by proving (\1.6h by induction on lw[{ui,U2), {vi,V2))- The 
result is clear if Iw {{ui, U2), {vi,V2)) = 0. li lw{{ui,U2),{vi,V2)) > then 
by Theorem ll.4l our induction hypothesis, (II. 5p and the comments preceding 
this proposition, we have 

J({U1,U2),{V-,,V2)) p Jg) 
H {u\,U2),{vi,V2) \qj (ui,U2),(vi,V2)\'iJ 

~ ^ y -^(«i,U2),(a;i,a;2) (9) -f(x-i,3::2),(i)i,i;2) (9) 

(«i,U2)<(3:^l,a;2)<(fi,'y2) 

= ^ -Pzi, 1-1(9) ^ Ru2,X2{q) Px2,V2{q) 

Ul<Xl<Vl U2<X2<V2 

~ Pui,Vi{q) Pu2,V2{q) 

— J(ui,Vl) p [1] J{"2,f2) p ( 1 1 _p (fj) p (fj) 

— y \q J " M2,t'2 I ^U2,V2\1)l 

and ([LSI) follows. □ 



Throughout this work (unless otherwise explicitly stated) (W, S) denotes 
a fixed (but arbitrary) Coxeter system. 

1.3. Quasisymmetric functions and poset enumeration. A quasisym- 
metric function is a formal power series in countably many variables that 
has bounded degree and whose coefficients are invariant under shifts of the 
variables that respect their order. We assume here that the reader is famil- 
iar with the basics of the theory of quasisymmetric functions, for example, 
as described in [Ml §7.19]. We denote by QSym C Q[[xi,X2, • • •]] the alge- 
bra of all quasisymmetric functions (with rational coefficients). QSym is a 
graded algebra with the usual grading of power series; we denote by Qi the 
i*^ homogeneous part of QSym and so 

QSym = Qo e Qi e • • • . 

In particular, we will make use of the monomial basis {Ma}aec and 
the fundamental basis {La}a£C for QSym, where for a composition a = 
a\a2 ■ ■ ■ tt/t, /c > 0, > 0, 

il<i2<---<ik 

and 

(1.7) Lf3= Yl 
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We include as well the empty composition a = (the case k = 0); here we 
set Mo = Lq = 1. Note that the degree of Ma and La is |a|. Occasionally, it 
will be useful to index these bases by subsets of [n— 1] instead of compositions 
of n, using the standard bijection between compositions and subsets already 

(n) 

mentioned. In this case, we write to indicate its degree. 

An interesting subalgebra of QSym is the subspace 11 of peak functions, 
which can be defined as follows. Let c and d be noncommuting indetermi- 
nates of degree 1 and 2, respectively. We let w be an arbitrary word in the 
letters c and d. If 



w 



(no, . . . , nfc > 0) then let mj = deg(c"'idc'^2d . . . c"jd), j = I, . . . ,k. Define 
to be the family consisting of the k 2-element subsets {nij — l,mj}, 
j = 1, . . . , k, and 

bll"^] {T C [n] : 5 n T / 0, for ah S G I"^}, 
where n=deg{w). Finally, define 

(1.8) 9.1^^ 4"^'^' 

where = {T C [n] : T,T e b[T'"]}. Note that deg(e^) = deg(u;) + 1. 

Here, ii w = 1, the empty cd-word, then 0i = L^^ = Li. We can define 
n to be the linear subspace of QSym spanned by 1 and all the G^, as w 
ranges over all cd words. Again, 11 is a graded algebra with the inherited 

grading; we denote by Ilj =^ 11 n Qi its i*'^ homogeneous part. See [B] 
and [35] for details. There the basis element 0^ in (II. 8p is replaced by 
Qw^^ = 2l'"ld+i0^^ where we denote the degree of if by and extend this 
notation to let {wld denote the number of d's in w. 

We summarize here the basics of the use of quasisymmetric functions in 
the theory of flag /-vectors of graded posets and, in particular, Eulerian 
posets. For a finite graded poset Q, with rank function />(•), we define the 
formal power series 

def p(uo ,ui) p{ui ,U2) p(uft_i,Ufe) 



(1.9) FiQ) 



X 



0=Mo<---<Mfc-l<Mfc = l 



where the sum is over all multichains in Q whose last two elements are 
different and p{x,y) = p{y) — p{x). For general properties of F{Q), see [21] 
and [6]. In particular, we have the following 

Proposition 1.8. For a graded poset Q, 

1. F{Q) G QSym and is homogeneous of degree p{Q), 

2. FiQixQ2) = F{Qi)F{Q2), 

3. F{Q) = Ylafa^a = '^Za^aLa, where fa and ha are the flag f and 
flag h-vectors, respectively, of Q, and 
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4. IfQ is Eulerian, then F{Q) G H; in fact F(Q) = Y1iw[^\q where 
[w\q denotes the coefficient of w in the cd-index of Q. 

The last statement of Proposition ll.81 which follows from Proposition 2.2 
and Theorem 2.1 of [6j, can be used as the definition of the cd-index for an 
Eulerian poset Q. Formally, the cd-index is the homogeneous noncommu- 
tative polynomial, V'Q = V'qCc, d) = X^wjMq w m. c and d, where the sum 
is over all cd- words of degree p{Q) — 1; see [4J. 

2. The R-quasisymmetric function of a Bruhat interval and 

THE COMPLETE cd-INDEX 

Since a Bruhat interval [u, v\ is an Eulerian poset, it has a homogeneous 

cd-index ipu^v *== V'[m,d] ^-^id quasisymmetric function F{u,v) =^ F{[u,v]) de- 
fined as above. The polynomial tl^u,v has been studied explicitly by Reading 
|30j . In this section, we extend the definition of the cd-index for Bruhat 
intervals to get a nonhomogeneous polynomial, whose coefficients we later 
use to give a simple expression for Kazhdan-Lusztig polynomials. 

2.1. The i?-quasisymmetric function of a Bruhat interval. We define 
a quasisymmetric function, analogous to the power series (11.90 . making use 
of the polynomials Ru,v defined in Proposition 11.31 

Given u,v W, u < v, we define the R- quasisymmetric function F{u, v) 

by 

(2.1) F{u,v)'^= ^ RuoUi{Xi)RuiU2{x2) ■ ■ ■ Ruk-iUhiXk), 

where, again, the sum is over all multichains in [u, v] whose last two elements 
are different. Note that, by Proposition 11.31 and the comments following 
Proposition 11.11 the leading term of each summand on the right hand side 
of (|2.ip is the corresponding monomial on the right hand side of (jl.Op . 

An alternative description of F{u, v) in terms of chains is as follows. We 
omit the straightforward verification. 

Proposition 2.1. Let u,v G W , u <v. Then 

k 

k>l u=uo<ui<---<Uf;=v l<ii<i2< - <ife j=l 

We will see that F{u, v) shares many of the properties of F{Q) and will 
serve to define an extension of the cd-index for Bruhat intervals. In partic- 
ular, we have the following 

Theorem 2.2. For any u,v (z W, u <v, 

1. F{u,v) = ^^Ca{u,v) Ma = ^a^»('^^'^) ^a, and 
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2. F{u,v) G n, in fact 

F{u, v) G n;(„^„) e Ui(^u,v)-2 ffi n;(„^^)_4 e • • • . 



Proof. To prove part 1, we have, using Proposition 11.51 

F{u,v) = ^ RuoUiixi)RuiU2{x2) ■ ■ ■ Ruk^iUki^k) 

U=Uq<.---<-U}^_1<.Uj^=V 
U=UO<---<Uf;_l<Uk=V j = l C(j>0 

E En [^"^](^«.-.«: 

= E E E rib"^] (^«.-..»^: 

k>l {aGN''':Ofc>0} «=«o<-- <Wfc_i<«fc=D j=l 

= E E E n['^"^'](V.% 

fc>l {aGN''-:afc>0} «=«0<---<";{a+)=^ i=l 

= E E ^1 ' ■ ■ ■ ^fc' ^) 

fc>l {aeNfe:«fc>0} 
I3€C 

where we have used the facts that [q^]{Rx,y) = Sx,y for all x,y G W, x <y, 
and Rx,x = 1- Here a"*" is the composition obtained by taking only positive 
entries of a in order. The second equality in part 1 follows from ()1.4p and 

Part 2 now follows easily from 1121 Theorem 8.4] and [6, Proposition 1.3]. 
The last assertion follows since the Ca{u,v) count certain directed paths 
from w to u of length |a| in the Bruhat graph B{W, S), and all of these must 
have length = l{u, v){mod 2). □ 

As a consequence of Theorem 12.21 we can express any F{u, v) in terms of 
the basis for 11. 

Corollary 2.3. For any u,v (z W , u <v, we can write 

F{u,v) = '^[w]u,v ©to- 



Note that, by Theorem 12.21 the coefficients [tL']^,^; can be nonzero only 
when deg{w) = l{u,v) — l,l{u,v) — 3, ... . We find it convenient to define. 
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for any u,v & W, 

w 

a nonhomogeneous, noncommutative polynomial in the variables c and d 
that will be called the complete cd-index of the Bruhat interval [u,v]. 

Example 2.4. Let W = S4, u = 1234 and v = 4231. Choose the reflection 
ordering (1,2) < (1,3) < (1,4) < (2,3) < (2,4) < (3,4). Then there are 73 
Bruhat paths from u to w and from (11. 3p one can compute that 

b5{u,v) = 6i,i,i,i,i(n,u) = bi{u,v) = 1, 

h{u,v) = b2,i{u,v) = bi^2{u,v) = fei,i,i(n, v) = 6i,4(u,i;) = 62,i,i,i(n, u) = 2, 

bA,i{u,v) = 63,1, 1(14, t;) = 61, 1,3 (-u.,-!^) = bi^i^i^2{u,v) = 3, 

^2,3(1*,^^) = bi^2,i,i{u,v) = 4, 

b3,2{u,v) = 6i,i,2,i(n,f) = 5, 

^i,3,i(^i, ^') = b2,i,2{u,v) = 6, and 

^2,2,i(w,f) = bi^2,2{u,v) = 8, 

so by Theorem 12.21 

F(1234,4231) = L5 + 3X4,1 + 6X3,2 + 4X2,3 + 2X1,4 

+ 3X3,1,1 + 6X1,3,1 + 3X1,1,3 + 8X2,2,1 + 6X2,1,2 + 8X1,2,2 
+ 2X2,1,1,1 + 4X1,2,1,1 + 5X1,1,2,1 + 3X1,1,1,2 + Xi, 1,1, 1,1 
+ 2X3 + 2X2,1 + 2X1,2 + 2X1,1,1 + Xi 

= 9^4 + edc2 + 2ecdc + 2ee2d + 20)^2 + 29^2 + ei, 

and so [dc^] 1234,4231 = 1, [cdc] 1234,4231 = 2, etc. Thus we have 

^^1234,4231 = + dc2 + 2cdc + 2c2d + 2d2 + 2c^ + 1. 



There is at least one case where (jl.9p and (|2.ip define the same element of 
QSym. For u,v & W and « G N let Fi{u, v) be the homogeneous component 
of F{u,v) of degree i (so Fi{u,v) = unless i = l{u,v) (mod 2)). 

Proposition 2.5. Let u,v & W, u < v. Then X)(u,;)(n, u) = F{u,v) and 
so ['w]{tPu,v) = [w]i'^u,v) when deg{w) = l{u,v) — 1. In particular, F{u,v) = 
F{u, v) and ^u,v = '4'u,v whenever the Bruhat interval [u, v] is a lattice. 

Proof. The first assertion follows immediately from (jl.Op , (j2.ip and the com- 
ments following Proposition II. 1[ The second one follows from (|1.9p . (j2.ip 
and [M Corollary 6.5]. □ 

2.2. Algebraic properties of F. We investigate some of the algebraic 
properties of the map [u,v] i— > F{u,v). In [21^ Proposition 4.4], the map on 
posets, P 1-^ F{P), is shown to be a morphism of Hopf algebras. The same 
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holds for the map defined by F. To see this, note that the coproduct on 
posets used in [21] restricts to one on Bruhat intervals: 

(2.2) H[uM)= [uM®[wM- 

On QSym, we take the usual coproduct defined by 

(2.3) A(M^) = M^^Mp, 

a-/3=7 

where a ■ (3 denotes concatenation of compositions. 

We begin with an analog of Proposition 11.81 2. which shows the map to 
be multiplicative with respect to direct product. 

Proposition 2.6. Let Wi,W2 be two Coxeter groups, Wi x W2 he their 
direct product, and Ui,vi G Wi , U2,V2 G W2 ■ Then 

F{{ui,U2), {vi,V2)) = F{ui,Vi) F{U2,V2). 



Proof. It follows from Proposition 11.71 and Proposition 11.31 that for ui < 

zi < Z2 < vi and U2 < wi < W2 < V2 

The proof then follows by the same limiting argument used to prove multi- 
plicativity of the map F [211 Proposition 4.4], with the change that we now 
use the maps Kj(n, v) = R^^vixi), which are multiplicative by ()2.4p . We omit 
the details. □ 

That -P is a coalgebra map is proved next. 

Proposition 2.7. The map F is a map of coalgehras, that is, for each 
u,v & W, u < V 

((F F) o a) ([n, v]) = A (^F{u, w)) . 
Proof. By Theorem 12.21 1 and ()2.3p . we can write 

a(J^{u,v)) =Yc^{u,v) Ma®M0 

7 a-/3=7 
a p 

Now, as an extension of [2, Proposition 5.5.4] (and with virtually the same 
proof), we have Ca.^(n,v) = Y.we[u,v] Ca{u,w)cp{w,v). Thus 

we[u,v] a 13 

= Y F{u,w) iSi F{w,v), 

w£[u,v] 
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completing the proof. 



□ 



Remark 2.8. Formally, let C be the graded vector space, over a field k, 
spanned by 1 € k and all isomorphism classes of Bruhat intervals [u,v], 
u < V, in all Coxeter groups, where the elements of k have degree and 
deg([n, w]) = l{v) — l{u), and where [u,v] = [w,z] if there exists a directed 
graph isomorphism / : [u,v] [w,z] such that D{A) = D{f{A)) for all 
Bruhat paths A in [u,v]. C has multiplication defined via Cartesian prod- 
uct [ni,?7i] X [ii2,V2] = [iui,U2), {vi,V2)], and comultiplication defined by 
A{[u,v]) = l^i„g[u ^] ^] ® where [u,u] is defined to be 1 G k. We 

define a counit e on C by e([u, u]) = 5o,/{»;)-«(u) u < v. By [2T[ Lemma 
2.1], this defines C as a graded Hopf algebra. Propositions 12.61 and 12.71 show 
that the linear map F : C ^ QSym induced by F is a morphism of graded 
Hopf algebras. (Compare [21, Proposition 4.4]; note that our F should not 
be confused with the similarly named function in [21j.) 

2.3. Properties of 'iIju,v Let a and b be two noncommuting indetermi- 
nates and Z(a, b) be the ring of noncommutative polynomials in a and b 

with coefficients in Z. Given n € P and a subset T C [n] let be 
the noncommutative monomial of degree n in a and b whose i-th letter 
(from the left) is a if i ^ T and b if z € T, for i = 1, . . . ,n. Given a 
Bruhat path T = {uq, ni, ■ ■ ■ , Uk-i,Uk) of length k we define its weight to be 

/-px def (fc-1) 

w{T) = m)^^^^'. 

Proposition 2.9. Let u,v & W, u < v. Then 



where T runs over all the Bruhat paths from u to v. 

Proof. Let w = d c"^ d • • • c"'' d c"" be a cd-word (tiq, . . . , € N, /c > 
0). It then follows immediately from the definition of i?[T'"] that 



(2.5) (a + b)"i (ab + ba)---(a + b)"Hab + ba)(a + b)"« = ^ m, 



T6B[J™] 

On the other hand, by Theorem 2.2 and Corollary 2.3, 




r 



(2.6) 



F(u, Tj) = ^ ha{u, v) La = ^Hn,D © 



w ) 



w 




(n+1) 



in ()2.6p we obtain that 





{w: \w\=n, TgB[/»]} 



for all n G N and T C [n], where as in ()1.3p 



b^^-''\u,v) = \{TeBn+i{u,v) : DiT)=T}\. 



in) 
T 



14 LOUIS J. BILLERA AND FRANCESCO BRENTI 

Therefore, by ([23]) and (12^1) . 

V'«,i)(a + b,ab + ba) = ^H«,„ ^ m^"''-* 

n>0 TC[n] \{to: |w|=n, Te_B[/-^]} / 
n>0 TC[n] 

r 

as desired. □ 
From this we see that we can obtain the polynomial Ru,v directly from 

Corollary 2.10. For u <v, Ru,v{q) = Q i^u,v{Q,0). 

Proof. From (12. 7p . one obtains [c^J^j^^ = b^^^^\u,v) for any n. Thus 

n>0 

reB(«,i;):D{r)=0 

the last equality being [71 Theorem 5.3.4]. □ 

Thus, referring to Example 12.41 we have i?i234,423i (9) = + + q. 
As in [23], we note that Z(a, b) has a comultiplication defined for mono- 
mials by 

n 

(2.8) A'(ai • • • On) = E ■ ■ ■ "^^-i ® ■ • • On, 

and extended linearly (where A'(l) '= (8) 0). Similarly, we can define a 
second coproduct on Bruhat intervals by 

A'([u,t;]) = [u,z](^{z,v\. 

u<z<v 

(Note that this is not the coproduct given in (j2.2p .) We define, for conve- 
nience, 

^n,i)(a, b) =^ V'«,i>(a b,ab + ba), 

for all u,v W, u < v. Then with the coalgebra structures just defined on 
Bruhat intervals and Z(a, b), we have that (/> is a map of coalgebras. 
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Proposition 2.11. Let u,v G W , u < v. Then 

^'Q>u,v)= ^ 4>u,z®4>z,v 
u<z<v 

Proof. Given a Bruhat path F = {uq, ui, . . . , u^,) we let r(j) =^ {uq, ui, . . . , Uj) 

and rW =^ {ui,Ui^i, . . . , Uk), ior i = 1, . . . , k — 1. By Proposition 12.91 and 
()2.8p we have that 

A'(^„,.) = j;A'(u;(r)) 
r 

«{r)-i 
r i=i 

= E E E Mri)®^r2) 

'!i<Z<l> 

as desired. □ 

If we let c = a+b and d = ab+ba, then as in |23j . the subalgebra Z(c, d) 
of Z(a,b) is closed under A', since A'(c) = 2(1(8)1) and A'(d) = c(g)l + l(g)c 
(A' acts as a derivation on Z(a, b)). Thus ip is a map of coalgebras: 

^'{■lpu,v) = E ^"'-^ ^ 
u<z<v 

We note finally that the multiplicative structure used in [23], the poset 
join, does not carry over to Bruhat intervals. In most cases the join of two 
Bruhat intervals cannot be a Bruhat interval by [141 Theorem 3.2]. 

3. KAZHDAN-LuSZTIG polynomials and the complete cd-INDEX 

In this section we relate the Kazhdan-Lusztig polynomial of any Bruhat 
interval in an arbitrary Coxeter group to its complete cd-index. 

Recall the definition of the polynomials and from §1.1. Consider 
the map /C : QSym Z[gV2^g-i/2] defined by /C(M^) = (-l)'(°)g-^^„ 

or, equivalently, IC{La) '= q~~Ta- Then by Theorem 12.21 we may rephrase 
Theorem 11.61 in the following way. 

Proposition 3.1. Let u,v (z W , u <v. Then 

■ — ' —liu.v) l(u.v) 

(3.1) lC{F{u,v))=q^PuM-1~Pu, 

If we define r.^ *== K-{Qw)-, then the following is immediate from Corollary 
12.31 and Proposition 13. 1[ 
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Corollary 3.2. Let u,v G W, u <v. Then 

— l{u,v) l{u,v) r ^ 



^ def 

We next give an explicit description of in terms of w. Let Cj = 
2iTT C^t^) i e 'N be the i-th Catalan number, and set Ci = if z ^ N. 
Let 

(3.2) B,{q)= E^Tl-l ^ " 

We call Bk{q) the fc-th ballot polynomial since it is closely related to ballot 
problems (see, e.g., [Ml §111.1, p. 73]). 

Let a, 6 € Z, a < 6. By a lattice path on [a, h] we mean a function 
r : [a, 6] — > Z such that r(a) = and 

\T{i + l)-T{i)\ = 1 

for all i E [a, 6 — 1]. Given such a lattice path L we let 

N{T) = {i G [a + 1, & - 1] : r(i) < 0}, 

d+(r) |{i G [a, 5 - 1] : r(i + 1) - r(i) = 1}|, 

^(r) =^ 6 - a, and r>o =^ Z(r) - 1 - |iV(r)|. We can 1{T) the length of L. 
Note that b ^ N{T) and that 

(3.3) d,(r) = E(!i±i^, 

We denote by C{n) the set of all lattice paths on [0,n]. From [12[ Theorem 
6.1] we have that for a composition a, 

(3.4) T„(g) = (-l)l-l-'(°) (-g)^+(r)_ 

{re£(|Q|):co(Ar(r))=a*} 

For a set T, we denote by T* the set for which co(T*) = co(T)*. 

The next result, along with the previous one, shows how one can compute 
the Kazhdan-Lusztig polynomial of any pair of elements u,v from the 
complete cd-index of the Bruhat interval [u,v\. 

Theorem 3.3. Let w = c"odc"id • • • dc"'= , k > 0, no, . . . ,nk > 0. Then 

k 



J , \w\—nn / n()-\-l ^^ft + l / — 1 \ \ "i — r 

In particular, = unless ni = n2 = • • • = = (mod 2) 



J. 

2 

J = l 
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dcf 

Proof. Let n = \w\, and for a cd-word w = wi ■ ■ ■ Wn, let w* = Wn - • • wi. 
Note that (X"')* = I""*. Then, by ([LB]) and ([33]) we have that 



= ^ (^_l^n+i-\Nir)\-i^_^y+ir) 

TeB[I^] {re£(n+i) : 7V(r)*=T} 

(3.5) = (-l)^^°(-g)'^-(^). 

{re£(n+i) , Af(r),Af(r)66(X"'*)} 

Now, I'^* = {{pi-l,pi}, {p2-l,P2} , ■ ■ ■ , { Pk-^,Pk}} where =^ nk+i^j + 

\-nk + 2j for j G [fc], and clearly Af(r) = {i G [n] : r(i) > 0}. Therefore 

r G £(n+ 1) is such that N{T) n {pj - l,pj} ^ and N{r) n {jSj - 1,^^} 7^ 
for all j G [fc] if and only if either T{pj — 1) = T{pj) — 1 = —1 or T(pj — 1) = 
T{pj) + 1 = 0, for all j G [k]. Since F is a lattice path this happens if and 
only if 

C^fW rfr,- - n - / ^^^j) " ^ = = (mod 2), 

i [pj i; - I j.^^^^ + 1 = 0, iipj = l (mod 2), 

for all j G [A;] . 

Let, for brevity, Cw be the set of all lattice paths F G £(n + l) that satisfy 
condition (|3.6|) so, by (|3.5|) . 

(3.7) q^E^= E (-l)'^M-g^("). 

rg£» 

We claim that 

(3.8) = J2 (-1)'^" (-'?)'^^'^ 
where 

(3.9) C =' {r G £^ : r{i) / if i G [n + 1] \ {pi, . . . ,pk}}. 
In fact, let F G Cw \ let 

io =^ min{i £ [n + 1] \ {pi, . . . ,pk} : F(i) = 0}. 

Note that io = (mod 2). Then pr < io < Pr+i for some r G [0, A;] (where 

Po *== and Pk+i '= n+2). Since F G this implies that T{pr) = (else, by 
T{pr — 1) = 0, contradicting the choice of io). Define F' : [0, n + 1] — > Z 



by 

def J — F(z), ii Pr < i < io, 



r'{i) 



F(i), otherwise, 



for i G [0,n + 1]. Then F' G \ C*^, d+(T') = d+{T) and (-l)^'>o = 
— (— l)'"^o. It is clear that this map F i— > F' is an involution of Cw \ C*^ 
(since io = min{z G [n + 1] \ {pi, . . . ,pk\ ■ F'(z) = 0}) and that it has 
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no fixed points, so Ere£™\£' {-qf+^^^ = and (^Mj follows from 

Now let T eCl,. Then, by and (KEh . 



andpj = (mod 2) for all j G [k]. This, again by (13. 9p . implies that r(pj_i+ 
1) = —1 for all j € [A;] and that T{i) < —1 for all i G [pfc] \ {pi, . . . ,Pk}- 
Therefore, by (|3.8p . 



no+l 

n + l 



m=-no-l {re£j,:r(n+l)=m} 



m / ng + 1 



- no + 1 ^ M+l^ 



{r?iG[no+l]: m=no+l (mod 2)} j=l 



2 



L— J k 

-\\k-r\n rio + l-2i fno + l\ 



n + l + nn + l-2i n + l - rin — l + 2i \ 

) 1 (-ir + i-q) — ^ — ) 

, I !io I 



/=i ' fe^ ^0 + 1 



(-1)' (-^)'^ -(z"«+iB„„(-l/g)) , 



2 



where we have used (|3.3p and well known results on lattice path enumeration 
(see, e.g., pi Ex.6. 20]). □ 



4. KAZHDAN-LuSZTIG POLYNOMIALS AND BALLOT POLYNOMIALS 

Using the results in the previous section, we derive the expansion, in 
terms of the complete cd-index, of the Kazhdan-Lusztig polynomials with 
respect to a basis derived from the ballot polynomials (j3.2p . This basis and 
its relation to the Kazhdan-Lusztig polynomials was independently studied 
by Caselli p!5], who also considered its relation to the i?-polynomials. 

In what follows, we will consider a fixed Bruhat interval [u,v]; the de- 
pendence on the pair u,v will often be omitted. We set n = l{u,v) — 1. 
For a cd-word w = c^^dc^^d • • • c"''=-idc"'= , A; > 0, nQ,...,nk > 0, define 

Cw '= n?=i If w = c*", we take = 1- Note that since Q = when 
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i ^ N, Cyj = unless w is an even cd-word, that is, unless ni, . . . , are all 
even. 

It will be helpful to rework Corollary 13.21 to obtain an expression for the 
Kazhdan-Lusztig polynomial in terms of alternating shifted ballot polyno- 
mials q^Bn-2ii—q)- Note that q^Bn-2i{—Q) has degree [n/2j and lowest 
degree term with coefficient 1. Thus the set of polynomials q'^Bn-2i{—q), 
< i < [§J, form a basis for the space of polynomials of degree < [n/2j. 
Depending on the parity of n, Caselli denoted this basis by Oj or Ej (see 
[151 Theorem 6.5]). 

We begin by deriving the expression for Pu^v in terms of this basis as a 
function of the complete cd-index. 

Theorem 4.1. Let u,v W, u <v. Then 

ln/2] 

Pu,v{q) = ^ ai q"- Bn-2i{-q), 

where 

dw even 



Proof. Since deg{Pu,v) ^ L'^/2j, it follows from Corollary 13.21 that 



(4.1) Pu,v = Y,[w]u,v Dnfq 



l(u,v) 



If w = c^odc^idc"'^ . . •dc"'', with \w\ < n = l{u,v) — 1, then by Theorem 



n — rti 



q^Bn,i-q)-q^^'B 



no 



q 



Thus, if w is even and [wju^v 7^ 0, then uq = \w\ = n (mod 2) so 



and (j4.ip becomes 

El I , \w\—h{w') n — h{\u) 

(_l)l-ld+^^ [^]^^^ q^B^ 



h{w)\-q)^ 



where /i(c"°dc"M ■ ■ ■ c"'=-idc"*=) =^ no denotes the head of w. 

Collecting the terms corresponding to cd words w with h{w) = n — 2i 
gives the statement of the theorem. □ 
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Remark 4.2. Alternatively, we can write as a sum over subsets of [i] 
namely 



SC[i] 
S={ii,...,ik}< 



k 



Remark 4.3. We list the first few coefficients Oj as functions of the complete 
cd-index (recall n = l{u,v) — 1, and that we omit the dependence on u,v): 

ao = [c"] 

ai = [c"-2d] + [c"-2] 
(4.3) as = [c"-M2] - [c"-Mc2] + [c"-M] + [c""^] 

ag = [c"-6d3] - [c^-^d^c^] - [c^-^dc^d] +2[c"-6dc^] 

+ [c"-6d2] - [c"-6dc2] + [c"-6d] + [c"^6]. 

Remark 4.4. By Proposition 12.51 the degree n terms of the complete cd- 
index of the Bruhat interval [u, v] correspond to the ordinary cd-index of 
the Eulerian poset [u,v]. Restricting the formulas for the in Theorem 
l4.1l to only the degree n cd-coefficients yields the expression given by Bayer 
and Ehrenborg [Sj Theorem 4.2] for the ^'-polynomial g{[u,v]* ,q) in terms 
of the cd-index of the dual interval [w, f^]*. This can be checked by com- 
paring formulas - for example the polynomial Qk+i{x) of is Bk{—x) - 
and recalling that [w\u,v = [w^*][m,d]*- One consequence is that the difference 
Pu,v{q) — g{[u,v]*,q) is a function of the lower degree cd-coefficients only. 

Example 4.5. Continuing with Example 12.41 we have 

F(1234, 4231) = + Odea + 2Gcdc + 2ee2d + 2ed2 + 2Ge2 + Oi 

and so 

Pu,viq) = aoq°Bi{-q) + aiq^B2{-q) + a2q'^Bo{-q) 
= [c^] {l-3q + 2q') + ([c^d] + [c^]) g(l - q) 

+ {[d'] - [dc'] + [d] + [1]) q' 
= il-q + q^) + i2q-q^) = l + q 

with g{[u, v]*,q) = I — q + q^. 

Next we give an example that shows that it is not possible to express P^^v 
as a function of the ordinary (homogeneous) cd-index 'il^u,v alone. That is, 
the Kazhdan-Lusztig polynomial does not depend only on the flag /-vector 
of the Eulerian poset [u,v\. 
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Example 4.6. Let W = and consider the rank 6 Bruhat intervals 
[12435,53142] and [31254,53421]. One can compute 

^12435,53142 = + 6cdc^ + 6c^dc + 3dc^ + 3c^d + 7cd^ + 7d^c + 6dcd 
+ + 2dc + 2cd 

^31254,53421 = + Gcdc^ + Gc^dc + 3dc^ + 3c^d + 7c(f + 7d^c + 6dcd 
+ 2c^ + 4dc + 4cd 

while Pi2435,53i42 = 1 and ^31254,53421 = 1 + 9- Thus neither nor Pu^^ is 
a function of ipu,v alone. 

It appears that no such example was previously known. It can be checked 
that there is no such pair of intervals in 5*4. There are many other examples 
in S^, although none of them involve lower intervals (i.e., those with u = e). 

Considering the dependence of the coefficients of the Kazhdan-Lusztig 
polynomials on these coefficients Oj, let Pu^v = P0+P1Q + • ■ ■ ■ The following 
is a direct consequence of the definition of the di as the coefficients of P^ v 
in the basis Bn-2i{—q)- Propositions 14.7 1 and 14.81 as well as Corollary 14.91 
are all implicit in jl5i, §6], so proofs will be omitted here. 

Proposition 4.7. For j = 0, . . . , [n/2j, 



Theorem 14.11 and Proposition 14.71 allow us to derive the coefficients of 
the Kazhdan-Lusztig polynomial for any Bruhat interval as a function of 
its complete cd-index. For example, we can read from Proposition 14.71 and 
(lOI) that 



The relations given in Proposition 14. 71 are unitriangular so invertible. The 
inverse relations have a particularly simple nonnegative form. 

Proposition 4.8. For j = 0, . . . , \ n/2\, 



Corollary 4.9. Nonnegativity of ai{u,v), i = l,...,k is implied by the 
nonnegativity of [q^]{Pu^v), i = I, ■ ■ ■ , k. 

Remark 4.10. In fact, any nonnegative polynomial of degree < [^J has a 
nonnegative representation in terms of the basis of alternating shifted ballot 
polynomials g*5„_2i(-g). 




(4.4) 



Pi = [<l\{Pu,v) =ai - (n - l)ao 



[c"-2d] + [c"-2] - (n- l)[c"]. 
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Given the conjectured nonnegativity of the coefficients of the Kazhdan- 
Lusztig polynomial Pu,v for any Bruhat interval [u,v] [27], Caselli made 
the following conjecture. Because of Theorem 14.11 (see also (14. 3p ). we can 
interpret it as a conjectured set of linear inequalities that must be satisfied 
by the complete cd-index. 

Conjecture 4.11. [15^ Conjecture 6.6] For each Bruhat interval [u,v] and 
for each i = 0, 1, . . . , [n/2j , n = l{u, v) — 1, we have aj(u, v) > 0. 

We conclude by noting the following consequence of Proposition 14.81 
Corollary 4.12. Let u,v G W, u <v. Then 



Remark 4.13. An interesting question is whether, for all w, the quantities 
[w]u,v are combinatorially invariant, that is, they depend only on the poset 
structure of the interval [u,v]. This is true for cd- words w of degree l{u,v) — l 
by Proposition [221 By Theorem l4.1l combinatorial invariance of [tfj^,^ for all 
w implies the conjectured combinatorial invariance of the Kazhdan-Lusztig 
polynomial Pu,v But the converse is also true: if Pu^v is combinatorially 
invariant for all u < v, then so is [w]n,i) for all w and all u < v. This follows 
from Proposition 11.51 and Theorem 11.41 and the fact that depends on 

the Cq, by (jl.4p and Proposition 15. 1[ Combinatorial invariance of Pu,v is 
known to hold in the case u = e (see |29j . |14j and [IZ]), and it follows that 
the same is true for all [ifje,!;- 

5. Other representations of the complete cd-iNDEX 

The formulas obtained in the previous sections for the Kazhdan-Lusztig 
polynomials assume knowledge of the complete cd-index. In this section we 
show how one can explicitly compute the complete cd-index of a Bruhat 
interval [u,v] in terms of the coefficients ba{u,v) defined in §1.1. 

Let u,v G W, u < V, and n G [l{u,v) — 1], n = l{u,v) — 1 (mod 2). In 
this section it will be convenient to index the ba by subsets instead of the 
corresponding compositions. Unless otherwise explicitly stated, all subsets 
are in [n]. We will omit to write the dependence on u,v throughout the 
section. 

We start with a general expression for [w] in terms of sparse bs, that is, 
those bs,S C [n], where S has no two successive elements and n ^ S. In 
terms of ba, this means that > 1 if « > 1. We use an expression for [w] in 
terms of the sparse k-vector, which is a reinversion of the sparse bs defined 
by ks = X^TC5(~1)'^' '"^'^r- The following result is proved in exactly the 
same way as P, Proposition 7.1]. 




l{u, v) odd 
l{u, v) even. 
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Proposition 5.1. Let w = c^idc'^^d • • • c"'=dc"'' and define mo, . . . , rrik by 
mo = 1 and mi = mi-i + m + 2. Then 

(5.1) H = 

where the sum is over all k-tuples {ii,i2, ■ ■ ■ ,ik) such that mj^i < ij < 
mj — 2. 

The inversion of this relation, expressing ks as a sum of distinct [w], is 
the same as [6, Proposition 2.3]. Using Prop osition 1 5 . 1 1 one can obtain from 
(14. 4p the coefficient of the linear term of the Kazhdan-Lusztig polynomial 
Pu,v (compare [101 Corollary 5.9] and [U Theorem D]). 

Corollary 5.2. For any Bruhat interval [u,v], the coefficient of the linear 
term in P^^v is 

Pi = Cn,l{u,v) + Cn-l{u,v) - (n + 1). 

We will show that if [w] is expressed in terms of the sparse bs, the coef- 
ficients are still ±1, leading to the possibility of a direct enumerative inter- 
pretation of [w]. Using the notation of Proposition 15.11 let 

Aj = {i : mj^i < i < mj — 2} 

be the range of ij above, and let 

= {T C U^<kAi : IT n | < 1 Vj}. 

Then ks appears in (j5.ip if and only if S" € 7^ and \S\ = k , and by 
Proposition 15.11 and the definition of ks, we see that [vu] = J2seT^, '^s bs for 
integers ds- We now prove that these integers can only be ±1 or 0. 



Proposition 5.3. If w = c^^d- • -c^^dc"", then [w] = J2seTu_, ^sbs, where 

^ f(-l)'-|^l Ujn^sSnA,(.-^r'-^ if I-^n^.l = l for 1^,1 even, 
1 0, otherwise. 

Proof. By (j5.ip and the definition of ks we have 

= ^_i^k-\S\ ^_-^-j{mi~ii)+{m2~i2)^ h(mfe-ife) 



SC{iu...,ik}€%o 



n EM) 



n n ( ir^ 

j:SnAjjt$ i€SnAj 

But the sums in the last expression are or 1 depending on whether \Aj\ 
are even or odd, so the result follows. □ 

For example, for w = cd^, k = 2, ui = I, n2 = 0, uq = 0, = {1,2}, 
A2 = {4} and so 

[Cd^j = 6{2,4} - fe{i,4} - b{2} + &{!}• 
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Note that the same expression computes the coefficient [w] = [cd^c™] for any 
m > 0, where the subscripts are understood to be subsets of {1, ... , degw}. 

Finally, we give simple proofs of two elementary identities between cd- 
coefficients and the numbers ba using basic quasisymmetric identities. The 
second of these is essentially in 



Proposition 5.4. Let u,v G W , u < v, and n G [/(n, v) — l\,n = l{u, v) — 1 
(mod 2). Then: 

(1) Ylw 2" = C[n]iu,v), the number of Bruhat paths from u to 
V of length n + 1, 

(2) T.w\Mu,v = h{i^2.,b,...}{u,v), 

where the sums are over all cd-words of degree n. 



Proof. By Theorem 

s s w 

where the sums are over all subsets of [n] and over all cd-words of degree n 
(recall that we denote by Fi the homogeneous component of F of degree i). 
We now use the relations 

from [61 (2.14)] (divided, as before, by 2l'"ld+i) and ([L8]). Hence the coef- 
ficient of m'^^^'^ in is 2"'~l"'l'^, so we can conclude (1). Similarly, the 
coefficient of ^{1,3,5,...} in 0^ is 1, so (2) follows. □ 

6. A SIGN CONJECTURE FOR THE COMPLETE cd-INDEX 

We conclude with an intriguing sign conjecture for the complete cd-index 
and prove one of its simple consequences in certain cases. Computation on 
Bruhat intervals up to rank 7 occurring in symmetric groups suggests the 
following. 

Conjecture 6.1. Let {W,S) be a Coxeter system and u,v (z W, u < v. 
Then 

[w]u,v > 

for all cd-words w. 

Since every Bruhat interval is shellable {e.g., [3 Theorem 2.7.5]) and 
Eulerian, hence Gorenstein*, it follows from the recent work of Karu [26] 
(see also [22]) that [w]u,v > whenever degu; = l{u,v) — 1 (the top degree 
for which [w]u,v 7^ 0). 

If Conjecture 16. II were true, then Proposition 15.41 would imply that 

2^[c^]u,v<qn]iu,v) 
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for all u,v gW and n > 0. This is indeed true for finite Coxeter and affine 
Weyl groups, as we now show. From now on, we assume that W is a finite 
Coxeter or affine Weyl group. 

Given two Bruhat paths A = {u,x,v), T = {u,y,v) € B2{u,v) write 
A < r if {xu"^ ,vx~^) is lexicographically smaller than {yu~^ ,vy~^) (where 

T is totally ordered by the chosen refiection ordering). Let m =^ [t'^]{Ru,v)- 
It then follows easily from [71 Theorem 5.3.4] that \B2{u,v)\ = 2m and that 

|{A € B2iu,v) : D{A) = 0}| = m = |{A € B2{u,v) : D{A) = {1}}\. 

For r G B2{u,v) let 

r = \{A£B2{u,v) : D{A) = D{r), A < r}|. 

The flip of r is the r-th Bruhat path (in the lexicographic ordering) in 
{A G B2{u,v) : D{A) / D{r)}. We denote this path hyflip{T). This notion 
is a special case of that of lexicographic correspondence first introduced in 
[13]. The following result is a special case of [131 Corollary 2.3]. 

Proposition 6.2. Let W be a finite Coxeter or affine Weyl group. Further, 
let u,v € W, u < V, {u,y,v) G B2{u,v) be such that D{{u,y,v)) = and 

{u,x,v) '= flip{{u,y,v)). Then yu~^ <t xu^^ and vx^^ <Tvy^^. 



Note that flip{flip{T)) = F. Given A = (uq, ui, . . . , Ufc) G Bk{u,v) 
we let, for i G [k — 1], flip^{A) be the Bruhat path in Bk{u,v) obtained 

by flipping A at its z-th element. Namely, flip^{A) =^ (uq, ui, . . . , 

. . . ,Ufe_i,Mfc) where (tii_i, x, Uj+i) =^ flip{{ui^i,Ui,Ui+i)). Note 
that if {i-l,i,i + l}nD{A) = then, by Proposition [Ol {i-l,i,i + l}n 
D{flip^{A)) = {f}. 

Proposition 6.3. Let W be a finite Coxeter or affine Weyl group and u,v & 
W , u < V. Then 

for all k > 1, and so 2"'[c"]„^t, < C[n]iu,v) for n > 0. 

Proof. Since [t'^]{Ru,v) G N, we prove the equivalent statement that 

[t'']{Ru,v)2''~' <\Bk{u,v)\. 

We do this by constructing an explicit injection. 

Let F = (n, ui,-- - ,Uk-i,v) G Bk{u,v) be such that -D(F) = and S 
{si, . . . , s,.}< C [A; — 1]. We define 

(^(F,5)1^'/^^p,^(•••(/^^p,^(F)).••). 
Clearly, ip{T,S) G Bk{u,v). Furthermore, note that by Proposition 
Si = ma-}i {D{flip^^{- ■ ■ {flip^^{T)) ■ ■ ■))} 

= max {D{flzp,^^^i- ■ ■ {flip^M'^^ S))) •••))} 
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for i = 1, . . . , r. Therefore Sr, ■ ■ ■ ,si and hence F are uniquely recoverable 
from ip(T, S), so (f is an injection. The result now follows from the fact that 
[f''+^]{Ru,v) = by Corollary EIOl □ 

Remark 6.4. We note that Proposition 16.31 holds whenever Proposition 16.21 
does, and the latter has been conjectured to hold for all Coxeter groups (see 
[TBI p. 117] and [TSj p. 745]), giving further evidence for Conjecture 16.11 In 
fact, a proof of Proposition 16.21 that holds for all Coxeter groups has been 
recently announced [9]. 
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